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IDENTITIES AND ISOMORPHISMS OF FINITE-DIMENSIONAL
GRADED SIMPLE ALGEBRAS
ANGELO BIANCHI AND DIOGO DINIZ
Abstract. Let F be an algebraically closed field, G be an abelian group, and
let A and B be arbitrary finite-dimensional G-graded simple algebras over F. We
prove that A and B are isomorphic as graded algebras if, and only if, they satisfy
the same graded polynomial identities.
Introduction
The study of isomorphisms between algebras with same polynomial identities has
intensely developed in the last five decades. Clearly, two non-isomorphic algebras A
and B may have the same identities. But, on the other hand, even if both A and B
are finite-dimensional simple algebras with same identities, it does not follow that
A and B are isomorphic. Even more rigid structures such as Lie algebras can have
the same identities not being isomorphic.
However, under the hypothesis that the base field is algebraically closed, the
situation is quite different: as a consequence of the famous Amitsur-Levitsky, two
finite dimensional simple associative algebras A and B have the same identities if,
and only if, A and B are isomorphic.
The purpose of this article is to prove that finite-dimensional (associative and
non-associative) simple G-graded algebras over an algebraically closed field F of
arbitrary characteristic and an abelian group G are determined, up to G-graded
isomorphism, by their G-graded identities. Two similar results about graded simple
associative algebras are known:
• F algebraically closed in characteristic zero and arbitrary group G, by Al-
jadeff and Haile in [1];
• F algebraically closed and G abelian such that the orders of all finite sub-
groups of G are invertible in F, by Koshlukov and Zaicev in [9],
Analogous results were obtained for Lie algebras by Kushkulei and Razmyslov
in [10], for Jordan algebras by Drensky and Racine in [4], and for general non-
associative (and associative) algebras by Shestakov and Zaicev in [15].
More specifically, the main result of this paper is:
Theorem 1. Let F be an algebraically closed field and let G be an abelian group.
Then, two finite dimensional G-graded simple (associative or non-associative) F-
algebras have the same graded identities if, and only if, they are isomorphic.
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The proof of Theorem 1 is performed for associative and non-associative algebras
in a uniform manner, inspired by the approach of [15]. This theorem recovers [15]
and [9] as particular cases. Further, the hypothesis on the group G is more general
than the hypothesis in [9]. In fact, in [9] the hypothesis that the orders of all finite
subgroups of G must be invertible in F, comes from the description of all graded
simple associative algebras, according to [2, Theorems 2 and 3]. We note that no
classification is used here. The commutativity of the group G is necessary to verify
that the multiplication algebra M(U) of a G-graded algebra U is a homogeneous
subalgebra of EndFU
gr. In this case M(U) has a grading that makes U a graded
M(U)-module. The hypothesis on the ground field will be crucial to show Lemma
15 which is indispensable to get Theorem 1.
In Section 1 we establish basic definitions and in Section 2.1 we discuss some inter-
mediate results. We prove that a graded simple algebra U such that the multiplica-
tion algebra M(U) satisfies an ordinary polynomial identity is a finite dimensional
graded vector space over the graded centroid Γ(U) (see Definition 2). We prove,
as a consequence of the Amitsur-Levitzki theorem that the dimension dimΓ(U) U is
determined by the graded identities of U . Our main result, Theorem 1, is proved in
Section 3.
Acknowledgment: We wish to thank Dr. Ivan Shestakov, Dr. Thiago Castilho,
and Dr. Claudemir Fidelis for helpful suggestions and discussions.
1. Preliminaries
Let G be a group, with unit element e, and F a field. An F-algebra U is said to be
G-graded if there is a vector space decomposition U =
⊕
g∈G Ug and UgUh ⊆ Ugh
for all g, h ∈ G. We denote by supp(U) = {g ∈ G | Ug 6= 0} the support of G.
A non-zero element u ∈ U is called homogeneous of degree g if a ∈ Ag and, in
this case, we write degG a = g. A subspace V ⊆ U is called homogeneous when
V =
⊕
g∈Γ(V ∩ Ug). We call U graded simple if U
2 6= 0 and U has no nontrivial
homogeneous ideals. If an associative graded algebra A has a unit and every non-zero
homogeneous element is invertible we say that A is a graded division algebra.
Notice that any simple algebra with an arbitrary grading is graded simple. A G-
graded simple algebra may not be simple as an ungraded algebra, for instance the
group algebra A = F[G] of a finite group G is graded simple with its canonical G-
grading, however it is not simple as an ungraded algebra. We say that two G-graded
algebras U = ⊕g∈GUg and V = ⊕g∈GVg are isomorphic as graded algebras if there
exists an isomorphism of algebras ψ : U → V such that ψ(Ug) = Vg for all g ∈ G.
Homomorphisms of graded algebras are defined analogously.
We recall the concept of graded and ordinary polynomial identities: consider
an absolutely free algebra F{X} with a free generating set X = ∪g∈GXg, where
{Xg | g ∈ G} is a family of disjoint countable sets. One can define a G-grading on
F{X} by setting degG x = g when x ∈ Xg and extend this to F{X} in the natural
way. A polynomial f(x1, . . . , xn) in variables x1 ∈ Xg1, . . . , xn ∈ Xgn is called a
graded polynomial identity for U if f(u1, . . . , un) = 0 for any u1 ∈ Ug1 , . . . , un ∈
Ugn. We say that a polynomial f(x1, . . . , xn) in the absolutely free algebra F{X},
freely generated by the countable set X , is an ordinary polynomial identity
of U if f(u1, . . . , un) = 0 for any u1, . . . , un ∈ U . If A is an associative algebra
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then we consider the ordinary polynomial identities for A as polynomials in the free
associative algebra F〈X〉.
Let R be an associative F-algebra with a G-grading. A G-grading on a left R-
module V is a vector space decomposition V = ⊕g∈GVg such that RgVh ⊆ Vgh, for
every g, h ∈ G. The module V is graded simple (or graded irreducible) if RV 6= 0
and the only homogeneous submodules of V are 0 and V . A graded vector space
V is a graded module over a graded division algebra R.
If U is a G-graded F-algebra and F˜ is an extension of F then in the algebra
U˜ = F˜⊗F U we consider the G-grading U˜ = ⊕g∈GU˜g, where U˜g = F˜⊗F Ug.
2. Intermediate results
The goal of this section is to discuss some results about graded algebras, mul-
tiplication algebras of a given algebra, graded algebras with ordinary polynomial
identities, and some considerations on the graded centroid of a graded algebra.
2.1. On multiplication algebras. The multiplication algebra of an F-algebra U ,
denoted M(U), is the subalgebra of EndF U generated by the linear transformations
corresponding to left and right multiplications by elements of U . Then U is an
M(U)-module, the ring of endomorphisms of this module is the centroid of U .
If U is graded by an abelian group G, then the left and right multiplications
by homogeneous elements of U are homogeneous linear maps, therefore M(U) is
a homogeneous subalgebra of (EndFU)
gr. The algebra U becomes a graded M(U)-
module and the homogeneous submodules of this module are the homogeneous ideals
of U .
Definition 2. Let U be an F-algebra graded by an abelian group G and let M(U)
be the multiplication algebra of U . The graded centroid of U is the F-algebra
Γ(U) =
(
EndM(U)U
)gr
.
Lemma 3 (Graded Schur Lemma). [5, Lemma 2.4] Let R be a G-graded associative
algebra. Suppose V is a graded simple left R-module. Let D = (EndRV )
gr. Then,
D is a graded division algebra. 
Note that Γ(U) is a subalgebra EndM(U)U , which is the centroid of U as an un-
graded algebra. It follows from [7, Proposition 5.4.1] that if U2 = U then EndM(U)U ,
and a fortiori Γ(U), is commutative. Note that if U is graded simple then U2 is a
non-zero homogeneous ideal, hence U2 = U . Together with the graded version of
Schur’s Lemma this implies that Γ(U) is a commutative graded division ring if U is
a graded simple algebra.
Remark 4. Let F be an algebraically closed field. If U is a graded simple finite di-
mensional F-algebra, then Γ(U)e is a field. Note that F ⊆ Γ(U)e is a finite extension,
therefore Γ(U)e = F.
Theorem 5 (Graded Jacobson density Theorem). [5, Theorem 2.5] Let R be an
associative G-graded algebra. Suppose V is a graded simple left R-module and
let D = EndgrR (V ). If v1, . . . , vn ∈ V are homogeneous elements that are linearly
independent over D, then for any w1, . . . , wn ∈ V there exists r ∈ R such that
rvi = wi, i = 1, . . . , n.
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Corollary 6. Let R be an associative G-graded algebra. Suppose V is a graded
simple faithful left R-module and let D = EndgrR (V ). Let ψ : R → End
gr
DV be the
homomorphism of graded algebras such that ψ(r)(v) = rv for every r ∈ R and every
v ∈ V . If R satisfies an ordinary polynomial identity, then V is a finite dimensional
graded vector space over D. Moreover in this case EndgrDV = EndDV and ψ is an
isomorphism of graded algebras.
Proof. Let ψ : R → EndgrDV be the homomorphism of graded algebras such that
ψ(r)(v) = rv for every r ∈ R and every v ∈ V . This is an injective homomorphism
because V is a faithful module. It follows from [11, Corollary I.2.11] that, if V is
finite-dimensional over D, then EndgrDV = EndDV . Moreover, Theorem 5 implies
that this homomorphism is also surjective and the result follows. We assume that
there exists a sequence v1, v2, . . . of homogeneous elements of V linearly independent
over D. Then Theorem 5 implies that for every n there exists rij , 1 ≤, i, j ≤ n such
that rijvk = δjkvi. Let S be the subalgebra of R generated by the elements rij ,
1 ≤ i, j ≤ n. The F-subspace W of V generated by the elements v1, . . . , vn is an
S-module. Therefore we obtain a homomorphism ϕ : S → EndF W of algebras
such that ϕ(s)w = sw, for every s ∈ S and every w ∈ W . This homomorphism
maps rij to the linear map eij given by eijvk = δjkvi, therefore it is a surjective
homomorphism. Since EndFW is isomorphic as an ungraded algebra to Mn(F) this
implies that an ordinary polynomial identity f for R is also a polynomial identity for
Mn(F). Since n is arbitrary we may take n > d/2, where d is the degree of f . This
is a contradiction because Mn(F) satisfies no identity of degree less than 2n. 
The next proposition is a graded analogue of a result due to Jacobson, in accor-
dance with [6, Corollary of Theorem 3].
Proposition 7. Let U be a graded algebra such that M(U) satisfies an ordinary
polynomial identity. The algebra U is a graded simple algebra if, and only if, M(U)
is a graded simple algebra. Moreover, U has finite dimension as a vector space over
Γ(U) and M(U) = EndΓ(U)U .
Proof. Let R = M(U). If U is a graded simple algebra then it is a faithful graded
irreducible R-module. Therefore it follows from Corollary 6 that U has finite di-
mension as a vector space over Γ(U) and that M(U) = EndΓ(U)U is a graded simple
algebra. To prove the converse note that any unital graded simple algebra admits
a faithful graded irreducible module. Let V be a graded irreducible faithful mod-
ule for R and let D = EndgrR (V ). Corollary 6 implies that V is finite-dimensional
over D and that R is isomorphic to EndDV . Therefore the graded left module RR
is completely reducible. This implies that any graded left R-module is completely
reducible. In particular, U is a completely reducible graded module. If U is not a
graded simple algebra then there exist non-zero graded submodules U1 and U2 such
that U = U1 ⊕ U2. Denote by Mi the subalgebra of M(U) generated by left and
right multiplications by elements of Ui, i = 1, 2. Then M1 and M2 are homogeneous
ideals of M(U) such that M(U) = M1 ⊕M2, this is a contradiction. Hence, U is a
graded simple algebra. 
The previous result implies that a graded simple algebra U with a multiplication
algebra M(U) that satisfies an ordinary polynomial identity is a finite dimensional
vector space over the commutative graded division ring Γ(U). We now take a brief
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detour from our main goal to prove in Corollary 9, as a consequence of the Amitsur-
Levitzki theorem, that the dimension dimΓ(U)U is determined by the ordinary iden-
tities of U . We remark that it is well known that the graded identities of an algebra
determine the ordinary identities. More precisely, if two graded algebras satisfy the
same graded identities then they satisfy the same ordinary identities.
Proposition 8. If the algebras U and V satisfy the same polynomial identities then
M(U) and M(V) satisfy the same polynomial identities
Proof. Let f(x1, . . . , xn) be a polynomial identity for M(U) and let x1, . . . , xn be
elements in M(V). The algebra M(V) is generated by the left and right mul-
tiplications by elements of V, therefore there exist polynomials g1, . . . , gn in the
free associative algebra F 〈X〉 and elements v1, . . . , vr, w1, . . . , ws ∈ V such that
xi = gi((v1)L, . . . , (vr)L, (w1)R, . . . , (ws)R), i = 1, . . . , n. We have
f(x1, . . . , xn) = g((v1)L, . . . , (vr)L, (w1)R, . . . , (ws)R),
where g(x1, . . . , xr, xr+1, . . . , xr+s) = f(g1, . . . , gn). Let g0 denote the element
g((x1)L, . . . , (xr)L, (xr+1)R, . . . , (xr+s)R)
in the multiplication algebra M(F {X}) of the free algebra F {X}. Then g0 ·xr+s+1
is a polynomial in F {X}. Since f is an identity forM(U) we conclude that g0·xr+s+1
is a polynomial identity for U . Therefore g0 · xr+s+1 is a polynomial identity for V.
This implies that
g((v1)L, . . . , (vr)L, (w1)R, . . . , (ws)R) · v = 0,
for every v ∈ V. Hence g((v1)L, . . . , (vr)L, (w1)R, . . . , (ws)R) = 0. Therefore f is a
polynomial identity for M(V). Analogously, every polynomial identity for M(V) is
also a polynomial identity for M(U). 
Corollary 9. Let U and V be graded simple algebras such thatM(U) andM(V) are
ordinary p.i. algebras. If U and V satisfy the same ordinary polynomial identities,
then dimΓ(U)U = dimΓ(V)V.
Proof. Proposition 7 implies U and V are finite dimensional over Γ(U) and Γ(V), re-
spectively, and that M(U) = EndΓ(U)U and M(V) = EndΓ(V)V. Let nU = dimΓ(U)U
and nV = dimΓ(V)V . Note that M(U) and M(V ) are isomorphic as an ordinary
algebras to the algebrasMnU (Γ(U)), of nU×nU matrices over Γ(U), andMnV (Γ(V)),
of nV × nV matrices over Γ(V ), respectively. As a consequence of Proposition 8, we
conclude that these algebras satisfy the same ordinary polynomial identities. Recall
that Γ(U) and Γ(V ) are commutative, hence the Amitsur-Levitzki Theorem implies
that nU = nV . 
For an algebra A, we denote by Z(A) the center of A. We denote by Z(A)e the set
of all elements of degree e inside Z(A). In the next proposition we adapt the proof
of L. H. Rowen in [14] that any ideal in an associative semiprime p.i. ring intersects
the center non-trivially. The next proposition is a weaker version of the graded
analogue of this result (see [8]) that will be sufficient for our intended application.
Proposition 10. LetA be an associative F-algebra graded by a groupG and assume
that there exists an extension F˜ of the field F and a graded simple F˜-algebra A˜ such
that:
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(i) A˜ is isomorphic as a graded F˜-algebra to the ring of endomorphisms EndDV
of a finite dimensional graded vector space over a commutative graded divi-
sion F˜-algebra D;
(ii) A is a homogeneous F-subalgebra of A˜;
(iii) F˜A = A˜.
If Z(A)e is a field, then A is a graded simple F-algebra that satisfies an ordinary
polynomial identity.
Proof. We prove that any homogeneous ideal intersects Z(A)e non-trivially. If Z(A)e
is a field this clearly implies that A is graded simple. Let I be a non-zero homo-
geneous ideal of the F-algebra A, then F˜I is a non-zero homogeneous ideal in A˜.
Since A˜ is a graded simple algebra we conclude that F˜I = A˜. There exist nat-
ural numbers q, n1, . . . , nq such that the neutral component A˜e is isomorphic to
Mn1(L)⊕· · ·⊕Mnq (L), where L denotes the field De (see the remarks before Theo-
rem 1 in [9]). Letm = max{n1, . . . , nq} and let f(x1, . . . , xn) be a multihomogeneous
central polynomial for Mm(L) with coefficients in the prime field of L (for example
the Formanek polynomial in [3, Theorem 3.4]). Then f is a central polynomial for
A˜e. Denote f(Ie) the F-subspace of A generated by the elements f(a1, . . . , an) with
a1, . . . , an ∈ Ie. Note that A˜e = F˜Ie, since f is not an identity for A˜e we conclude
that f(Ie) 6= 0. Clearly f(Ie) ⊆ Z(A)e∩ I. Since A˜ is isomorphic to EndD V and D
is commutative A˜ satisfies as an F-algebra the same ordinary identities as Mn(F),
where n = dimD V . Any polynomial identity for A˜ is also an identity for A. 
Remark 11. Let F ⊆ F˜ be an extension of fields. Let U˜ be an F˜-algebra and U
a homogeneous F-subalgebra of U˜ such that F˜U = U˜ . Denote M the F-subalgebra
of M(U˜) generated by the left and right multiplications by elements of U . Then M
is a homogeneous subalgebra of M(U˜) such that F˜M = M(U˜). Moreover the map
ψ :M →M(U) such that ψ(m)(x) = m(x) for every m ∈M and every x ∈ U is an
isomorphism of graded F-algebras.
Lemma 12. Let U be a graded simple algebra such thatM(U) satisfies an ordinary
polynomial identity and let F˜ be an extension of the field Γ(U)e. The algebra
U˜ = F˜⊗Γ(U)eU is a graded simple algebra andM(U˜) satisfies an ordinary polynomial
identity. Moreover the center of M(U˜) is isomorphic as a graded algebra to F˜⊗Γ(U)e
Γ(U).
Proof. Let Γ(U)e = F and denote M the F-subagebra of M(U˜) generated by left
and right multiplication by elements of 1 ⊗F U . It is clear that the map ψ : F˜ ⊗F
M → M(U˜) such that ψ(λ ⊗ m) = λm for every λ ∈ F˜ and every m ∈ M is
a homomorphism of graded algebras. This homomorphism is surjective because
F˜M = M(U˜). An element in ker ψ may be written as λ1 ⊗ m1 + · · · + λk ⊗ mk,
where λ1, . . . , λk are elements in F˜ linearly independent over F and m1, . . . , mk are
elements of M . We have
(2.1) λ1m1 + · · ·+ λkmk = 0.
Given u ∈ U there exist u1, . . . , uk ∈ U such that mi(1 ⊗ u) = 1 ⊗ ui. Then, (2.1)
implies that
λ1 ⊗ u1 + · · ·+ λk ⊗ uk = 0.
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Therefore we conclude that u1, . . . , uk = 0. Since the element u is arbitrary we
conclude that m1 = · · · = mk = 0. Hence ker ψ = 0. Note that M is isomorphic as
a graded algebra toM(U), therefore we conclude that F˜⊗FM(U) is isomorphic as a
graded algebra to M(U˜). Proposition 7 implies that M(U) = EndΓ(U)U and that U
is finite dimensional over Γ(U). Let {u1, . . . , un} be a basis for U over Γ(U) and let
g = (g1, . . . , gn), where gi is the degree of ui, i = 1, . . . , n. The algebra EndΓ(U)U is
isomorphic as a graded algebra to Mn(F)⊗F Γ(U), where Mn(F) has the elementary
grading induced by g (see [9]). Therefore, F˜⊗F EndΓ(U)U is isomorphic as a graded
algebra toMn(F)⊗F
(
F˜⊗F Γ(U)
)
. Note that F˜⊗FΓ(U) is a graded division algebra,
thereforeMn(F)⊗F
(
F˜⊗F Γ(U)
)
is a graded simple algebra. Hence we conclude that
M(U˜) is isomorphic as a graded algebra toMn(F)⊗F
(
F˜⊗F Γ(U)
)
. This implies that
the center of M(U˜) is isomorphic as a graded algebra to
(
F˜⊗F Γ(U)
)
. Moreover
M(U˜) is a graded simple algebra that satisfies an ordinary polynomial identity,
therefore Proposition 7 implies that U˜ is graded simple. 
In the next proposition we establish the graded analogue of the multiplication
algebra properties that were obtained for ordinary algebras in [13].
Proposition 13. Let U be a graded simple algebra of dimension n over F = Γ(U)e
and for g ∈ G let {ug1, . . . , u
g
ng
} be a basis for Ug as a vector space over F. Moreover
let F˜ be an extension of the field of fractions of the polynomial algebra F[T ], where
T = {tgi,j | 1 ≤ i, j ≤ dim Ug, g ∈ supp U}. Let U˜ = F˜ ⊗F U and denote FU the
F-subalgebra of U˜ generated by the generic elements ygi = t
g
i1⊗ u
g
1+ · · ·+ t
g
ing
⊗ ugng ,
i = 1, . . . , dim Ug, g ∈ supp U .
(i) The neutral component ZU = Z (M(FU))e of the center ofM(FU ) is isomor-
phic to an F-subalgebra of F˜.
(ii) The central localization S−1
U
FU , where SU = Z(M(FU))e \ {0}, is a graded
simple algebra such thatM(S−1
U
FU) satisfies an ordinary polynomial identity.
(iii) Γ(S−1
U
FU)e is isomorphic to the field of fractions of ZU .
(iv) The map F˜⊗KU S
−1
U
FU → U˜ , where KU = Γ(S
−1
U
FU)e, given by λ˜⊗x 7→ λ˜x,
for every λ˜ ∈ F˜ and every x ∈ S−1
U
FU , is an isomorphism of graded algebras.
Proof. Note that {1 ⊗ ug1, · · · , 1 ⊗ u
g
ng
} is a basis for U˜g = 1 ⊗ Ug over F˜. The
coefficients of the elements yg1, . . . , y
g
ng
relative to this basis form the matrix (tgij)
with non-zero determinant. Therefore these elements are linearly independent over
F˜. This implies that F˜FU = U˜ . Let M be the F-subalgebra of M(U˜) generated by
left and right multiplication by elements of FU . Remark 11 implies that there exists
an isomorphism ψ : M(FU) → M of graded F-algebras, this isomorphism maps ZU
onto Z(M)e. The equality F˜M = M(U˜) implies that Z(M)e is an F-subalgebra of
Z(M(U˜))e. Lemma 12 implies that Z(M(U˜))e = F˜. Therefore [(i)] holds.
We identify ZU with ψ(ZU), therefore S
−1
U
⊆ F˜×, and S−1
U
M(FU ) with the F-
subalgebra {s−1m | s ∈ SU , m ∈ M} of M(U˜). Since F˜M = M(U˜) we conclude
that F˜
(
S−1
U
M(FU)
)
= M(U˜). Lemma 12 implies that M(U˜) satisfies an ordinary
polynomial identity. The neutral component of the center of S−1
U
M(FU) is the field of
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fractions of ZU , therefore Proposition 10 implies that S
−1
U
M(FU) is a graded simple
algebra that satisfies an ordinary polynomial identity. The map ϕ : S−1
U
M(FU) →
M(S−1
U
FU) such that ϕ(s
−1m)(t−1x) = (st)−1m(x), for every s, t ∈ SU , m ∈M(FU),
x ∈ U is an isomorphism of graded algebras. Hence we conclude that M(S−1
U
FU) is
a graded simple algebra that satisfies an ordinary polynomial identity. Proposition
7 implies that S−1
U
FU is a graded simple algebra. This proves [(ii)].
It follows from Proposition 7 that for any graded simple algebra, such that the
multiplication algebra is ordinary p.i., the centroid is isomorphic as a graded algebra
to the center of the multiplication algebra. Therefore Γ(S−1
U
FU)e is isomorphic to
the neutral component of the center of S−1
U
M(FU), which is the field of fractions of
ZU . Hence we conclude [(iii)].
It follows from [(ii)] that S−1
U
FU is a graded simple algebra such that M(S
−1
U
FU)
satisfies an ordinary polynomial identity. Lemma 12 implies that F˜⊗KU S
−1
U
FU is a
graded simple algebra. The map given by λ˜ ⊗ x 7→ λ˜x, for λ˜ ∈ F˜ and x ∈ S−1
U
FU ,
is a surjective homomorphism of graded algebras from F˜⊗KU S
−1
U
FU onto U˜ . Since
the domain is graded simple this homomorphism is also injective. Therefore [(iv)]
holds. 
Remark 14. Let U be a finite dimensional graded algebra. The algebra FU in the
previous proposition is called the algebra of generic elements of U . If V is a finite
dimensional graded algebra that satisfies the same graded identities as U then the
algebra FV of generic elements of V is isomorphic as a graded F-algebra to FU .
2.2. A technical result on isomorphisms of certain scalar extensions. Next
result is crucial to prove Theorem 1 and requires the algebraically closedness of the
base field. It is based on Shestakov and Zaicev’s ideas (for non-graded algebras)
from a private communication.
Lemma 15. Let U and V be finite dimensional G-graded algebras over an alge-
braically closed field F. Suppose that for a certain extension F ⊆ F˜ and for a certain
F-automorphism σ of the field F˜ there exists a G-graded isomorphism of F-algebras
ϕ : F˜⊗F U → F˜⊗F V such that ϕ(α⊗ u) = σ(α)ϕ(1⊗ u) for any α ∈ F˜ and u ∈ U .
Then, U and V are isomorphic as graded algebras.
Proof. If {u1, . . . , un} is an F-basis for U then {ϕ(1⊗u1), . . . , ϕ(1⊗un)} is an F˜-basis
for F˜ ⊗F V. This implies that dimFU = dimFV. Let {v1, . . . , vn} be an F-basis for
V. Then there exists αij ∈ F˜, 1 ≤ i, j ≤ n, such that ϕ(1 ⊗ ui) =
∑
j αij ⊗ vj .
Note that α = det (αij) is a non-zero element of F˜. Let E be the F-subalgebra of
F˜ generated by S = {αij , α
−1}. Then E is a commutative F-algebra generated by
n2 + 1 elements, therefore it is isomorphic to
F[x1,...,xn2+1]
I
, for an adequate prime
ideal I of F[x1, . . . , xn2+1]. Now, since F is algebraically closed field, the Hilbert–
Nullstellensatz theorem implies that there exists (λ1, . . . , λn2+1) ∈ F
n2+1 such that
f(λ1, . . . , λn2+1) = 0 for every f ∈ I. Now let φ : F[x1, . . . , xn2+1] → F be the
homomorphism such that φ(f) = f(λ1, . . . , λn2+1). Since I ⊆ ker φ and E ∼=
F[x1,...,xn2+1]
I
we obtain an homomorphism ψ : E → F. This homomorphism can be
uniquely extended to an F-homomorphism ψ˜ : E⊗FV → V such that ψ˜(e⊗v) = ψ(e)v
for all e ∈ E, v ∈ V. Note that ψ˜ is a homomorphism of graded F-algebras. We
identify U with the F-subalgebra 1 ⊗F U of F˜⊗F U . Then ϕ maps U onto E ⊗F V,
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moreover u 7→ ϕ(u) is a homomorphism of graded algebras. We compose this
with ψ˜ to obtain a homomorphism Θ : U → V of graded F-algebras. Note that
Θ(ui) =
∑
j ψ(αij)vj. Since ψ(det (αij))ψ(α
−1) = det (ψ(αij))ψ(α
−1) = 1 we
conclude that det (ψ(αij)) 6= 0 and, hence, Θ is an isomorphism. 
3. Proof of Theorem 1
Let G be an abelian group and let F be an algebraically closed field. Let U and V
be two finite dimensional algebras with a grading by the group G such that U and
V are graded simple algebras that satisfy the same graded polynomial identities.
Remark 4 implies that Γ(U)e = F = Γ(V)e. It is clear that supp U = supp V.
We denote U˜ = F˜ ⊗F U and V˜ = F˜ ⊗F V, where F˜ is the field of fractions of
the polynomial algebra F[T ] where T = {tgi,j | 1 ≤ i, j ≤ mg, g ∈ supp U}, here
mg = max{dim Ug, dimVg}. Given g ∈ supp U let {u
g
1, . . . , u
g
ng
} and {vg1, . . . , v
g
n′g
}
be basis for Ug and Vg, respectively, as vector spaces over F. Denote FU the F-
subalgebra of U˜ generated by the generic elements ygi = t
g
i1 ⊗ u
g
1 + · · ·+ t
g
ing
⊗ ugng ,
g ∈ supp U , i = 1, . . . , ng. Analogously, let FV be the F-subalgebra of V˜ generated
by the generic elements zgi = t
g
i1 ⊗ v
g
1 + · · · + t
g
in′
g
⊗ vgn′
g
, g ∈ supp V, i = 1, . . . , n′g.
Moreover let ZU = Z(M(FU))e, SU = ZU \ {0} and ZV = Z(M(FV))e, SV =
ZV \ {0}. As noted in Remark 14 FU is isomorphic to FV as a graded F-algebra.
Let ψ : FU → FV be an isomorphism of graded algebras, it induces an isomorphism
ψM : M(FU) → M(FV) of F-graded algebras such that ψM (m)(ψ(x)) = ψ(mx), for
every m ∈M(FU) and every x ∈ U . This isomorphism maps ZU onto ZV . Therefore
we obtain an isomorphism of graded F-algebras Ψ : S−1
U
FU → S
−1
V
FV given by
Ψ(s−1f) = ψM (s)
−1ψ(f). This isomorphism induces an isomorphism KU → KV of
F-algebras, where KU = Γ(S
−1
U
FU)e and KV = Γ(S
−1
U
FU)e. It follows from [(i)] and
[(iii)] in Proposition 13 that KU and KV are isomorphic as F-algebras to subfields F˜U
and F˜V of F˜, respectively. Then we obtain an isomorphism ς : F˜U → F˜V of F-algebras.
Note that this implies the equality trdeg
F
F˜U = trdegFF˜V . Let F be the algebraic
closure of F˜. Then, trdeg
F
F˜ = trdeg
F
F = trdeg
F
F˜U + trdegF˜UF and also trdegFF˜ =
trdeg
F
F = trdeg
F
F˜V + trdegF˜VF. From this we conclude that trdegF˜UF = trdegF˜VF.
Now, since F is algebraically closed, the previous equality together with [12, Chapter
VII, Proposition 3.1] imply that there exists automorphism σ of F that extends ς. We
then obtain an isomorphism of graded algebras F⊗KU S
−1FU → F⊗KV S
−1FV such
that λ˜⊗ x 7→ σ(λ˜)⊗Ψ(x). We compose with the isomorphisms F⊗KU S
−1FU → U˜
and F⊗KV S
−1FV → V˜ in [(iv)] of Proposition 13 to obtain an isomorphism U˜ → V˜
of F-algebras. This isomorphism satisfies the hypothesis of Lemma 15 and the result
follows. 
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